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AVERAGE RANK IN FAMILIES OF QUADRATIC TWISTS:
A GEOMETRIC POINT OF VIEW
by
Pierre Le Boudec
Abstract. — We investigate the average rank in the family of quadratic twists of a
given elliptic curve defined over Q, when the curves are ordered using the canonical
height of their lowest non-torsion rational point.
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1. Introduction
Let E be the elliptic curve defined over Q by the Weierstrass equation
y2 = x3 + Ax+B,
where (A,B) ∈ Z2 satisfies 4A3 + 27B2 6= 0.
We extend the set of definition of the Möbius function to Z by setting µ(d) = µ(−d)
for d < 0 and µ(0) = 0. For every integer d ∈ Z with |µ(d)| = 1, we denote by Ed the
quadratic twist of E defined over Q by the equation
dy2 = x3 +Ax+B.
We insist on the fact that all along this article, we view A and B as being fixed, and d
as a varying parameter. In particular, the dependences on A and B of the constants
involved in the notations O, ≪ and ≫ will not be specified.
Let L(Ed, s) denote the Hasse-Weil L-function associated to the curve Ed. We
let rankan Ed(Q) be the analytic rank of Ed over Q, that is the order of the zero of
L(Ed, s) at 1. We also let rankEd(Q) be the algebraic rank of Ed over Q, that is the
rank of the finitely generated abelian group E(Q). Recall that the Parity Conjecture
states that the two integers rankan Ed(Q) and rankEd(Q) have same parity, and the
Birch and Swinnerton-Dyer Conjecture asserts that they are actually equal.
We define the set
S(X) = {d ∈ Z, |µ(d)| = 1, |d| ≤ X}.
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The conjecture of Goldfeld (see [Gol79]) on the average size of rankEd(Q) as d runs
over S(X), and the Parity Conjecture imply that, for ι ∈ {0, 1}, we have
(1.1) #{d ∈ S(X), rankEd(Q) = ι} ∼
1
2
#S(X),
and
(1.2) #{d ∈ S(X), rankEd(Q) ≥ 2} = o(X).
The estimates (1.1) and (1.2) are supported by the Katz-Sarnak Philosophy (see
[KS99]) about zeros of L-functions and also by Random Matrix Theory heuristics
(see for instance [CKRS02]). Unfortunately, they are expected to be currently out
of reach. Indeed, we only know that the average rank is at least 1/2 under the Parity
Conjecture. However, we note that Heath-Brown [HB93, HB94] has proved that in
the case (A,B) = (−1, 0), the average rank is bounded by an explicit constant.
Ordering the family of curves Ed using the parameter d, or any object among
the discriminant, the coefficients of the minimal Weierstrass equation, the conductor,
essentially amounts to the same thing, so that for each of these orderings, the situation
is expected to be similar. The purpose of this article is to investigate this problem
from a fundamentally different point of view, that is using a geometric flavoured
ordering.
The main geometric invariant of an elliptic curve is its regulator. However, the
regulator is defined as being equal to 1 for rank 0 curves, so that the number of
curvesEd with bounded regulator is infinite. In addition, noticing that the regulator is
essentially the product of the canonical heights of the elements of an almost orthogonal
basis of the Mordell-Weil lattice (see [Lan83, Theorem 4.2]), we see that a bound on
the regulator implies a much stronger bound on the canonical height of the lowest
non-torsion rational point as soon as rankEd(Q) ≥ 2. Thus, the regulator does not
seem to be well-suited for our purpose, and we introduce another geometric invariant.
Let hˆEd be the canonical height on the curve Ed (see Section 2 for its definition),
and let Ed(Q)tors be the torsion part of the abelian group Ed(Q). The author [LB14]
has recently investigated the quantity ηd(A,B) defined by
log ηd(A,B) = min{hˆEd(P ), P ∈ Ed(Q)r Ed(Q)tors},
if rankEd(Q) ≥ 1 and ηd(A,B) =∞ if rankEd(Q) = 0. Let us define the set
H(Y ) = {d ∈ Z, |µ(d)| = 1, ηd(A,B) ≤ Y }.
We will prove that H(Y ) is a finite set. We can thus define
ARan(Y ) =
1
#H(Y )
∑
d∈H(Y )
rankan Ed(Q),
and similarly
AR(Y ) =
1
#H(Y )
∑
d∈H(Y )
rankEd(Q).
Note that if d ∈ H(Y ), then we clearly have rankEd(Q) ≥ 1. In addition, we also
have rankan Ed(Q) ≥ 1. Indeed, if we had rankan Ed(Q) = 0, then by the works of
Kolyvagin [Kol88] and Breuil, Conrad, Diamond and Taylor [BCDT01], we would
also have rankEd(Q) = 0, which would contradict the fact that d ∈ H(Y ). Therefore,
using our ordering, we have discarded the curves with (analytic or algebraic) rank 0.
As a result, the expectations (1.1) and (1.2) might lead to the belief that the average
rank should be expected to be equal to 1. We prove that this is not the case.
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Theorem 1. — We have the lower bound
lim inf
Y→∞
ARan(Y ) > 1.
We actually prove that, as d runs overH(Y ), there is a positive proportion of curves
Ed which have analytic rank even and at least 2 (and also a positive proportion of
curves Ed which have odd analytic rank). Therefore, we also get the following result.
Theorem 2. — Assume the Parity Conjecture. We have the lower bound
lim inf
Y→∞
AR(Y ) > 1.
The subfamily of curves with analytic rank even and at least 2 that we use, was
first considered by Gouvêa and Mazur [GM91] to prove that
#{d ∈ S(X), rankan Ed(Q) ≥ 2} ≫ X1/2−ε,
for any fixed ε > 0. We note that using Lemma 2, one can show that this estimate
actually holds with ε = 0.
The two main tools used to prove Theorems 1 and 2 are the squarefree sieve
of Gouvêa and Mazur [GM91] for binary quartic forms (studied independently by
Greaves [Gre92]), and an upper bound of Heath-Brown [HB02, Theorem 10] for the
number of rational points of bounded height on smooth surfaces.
It is interesting to ask what can be established unconditionally about the quantity
#{d ∈ H(Y ), rankEd(Q) ≥ 2}. Following the lines of the proofs of Theorems 1
and 2, and using the work of Stewart and Top [ST95, Proof of Theorem 3] instead
of [GM91], one can check that
#{d ∈ H(Y ), rankEd(Q) ≥ 2} ≫ #H(Y )1/4.
We finish this introduction by speculating on the distribution of rankEd(Q) as d
runs over H(Y ). Recall that the sign ω(Ed) of the functional equation of L(Ed, s) is
determined by congruence conditions modulo the conductor of the curveE. Therefore,
it seems reasonable to expect that ω(Ed) should be equidistributed as d runs over
H(Y ). Recall that if d ∈ H(Y ) then rankan Ed(Q) ≥ 1. This implies that if we also
have ω(Ed) = 1 then rankan Ed(Q) is even and at least 2. Following the general
expectation that the analytic rank should in general be as small as possible, and the
Birch and Swinnerton-Dyer Conjecture, we propose the following conjecture.
Conjecture 1. — For ι ∈ {1, 2}, we have the estimate
#{d ∈ H(Y ), rankEd(Q) = ι} ∼
1
2
#H(Y ).
Conjecture 1 immediately implies that
#{d ∈ H(Y ), rankEd(Q) ≥ 3} = o(#H(Y )),
and
lim
Y→∞
AR(Y ) =
3
2
.
We note that, in Theorems 1 and 2, we have not tried to obtain lower bounds with
explicit dependences on A and B. However, that could easily be done since everything
amounts to using explicit inequalities for the difference between the Weil height and
the canonical height (see for instance [Sil90]).
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2. Preliminaries
This section is devoted to the proofs of three preliminary results which will be the
key tools in the proofs of Theorems 1 and 2.
We start by recalling the definition of the Weil height hx : P2(Q) → R≥0. For
P ∈ P2(Q) with coordinates (x : y : z) where x, y, z ∈ Z are such that gcd(x, y, z) = 1,
we set
hx(P ) = logmax{|x|, |z|}
if (x : y : z) 6= (0 : 1 : 0) and hx(0 : 1 : 0) = 0. In addition, we also recall the definition
of the canonical height hˆEd : Ed(Q)→ R≥0 on the curve Ed. For P ∈ Ed(Q), we set
hˆEd(P ) =
1
2
lim
n→∞
4−nhx(2nP ),
where 2nP denotes the point obtained by adding the point P to itself 2n times using
the group law of Ed.
We can compare the two heights hx and hˆEd as follows. The recent work of the
author [LB14, Lemma 3] states that, for P ∈ Ed(Q), we have
(2.1) hˆEd(P ) =
1
2
hx(P ) +O(1),
where the constant involved in the notation O may depend on E but neither on the
point P nor on the integer d.
First, we give a sharp upper bound for the cardinality of H(Y ).
Lemma 1. — We have the upper bound
#H(Y )≪ Y 4.
Proof. — We have
#H(Y ) ≤
∑
d∈Z
|µ(d)|#{P ∈ Ed(Q)r Ed(Q)tors, exp hˆEd(P ) ≤ Y }.
By the estimate (2.1), we also have
#H(Y ) ≤
∑
d∈Z
|µ(d)|#{P ∈ Ed(Q)r Ed(Q)tors, exphx(P )≪ Y 2}.
We note that if P ∈ Ed(Q) r Ed(Q)tors has coordinates (x : y : z) ∈ P2(Q), then
z 6= 0 since P is not the point at infinity, and also y 6= 0 since P is not a 2-torsion
point. In addition, we recall that exchanging P and −P amounts to multiplying y
by −1. Finally, we note that the statement of [LB14, Lemma 1] also holds if we
respectively replace the assumption d ≥ 1 by d 6= 0, and the conclusion d0 ≥ 1 by
d0 6= 0. Therefore, using [LB14, Lemma 1], we deduce
#H(Y ) ≤ 2#


(d0, d1, b1, y, x1) ∈ Z× Z3≥1 × Z,
|µ(d0d1)| = 1
gcd(x1, d1b1) = 1
d0y
2 = x31 +Ax1d
2
1b
4
1 +Bd
3
1b
6
1
|x1|, d1b21 ≪ Y
2


.
This gives
#H(Y ) ≤ 2
∑
|x1|,d1b21≪Y
2
#
{
(d0, y) ∈ Z× Z≥1,
|µ(d0)| = 1
d0y
2 = x31 +Ax1d
2
1b
4
1 +Bd
3
1b
6
1
}
.
For fixed (d1, b1, x1) ∈ Z2≥1×Z, the cardinality in the right-hand side is at most 1, so
we get
#H(Y )≪ Y 4,
as wished.
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Recall that (A,B) ∈ Z2 satisfies 4A3 +27B2 6= 0. We introduce the binary quartic
form
Q(u, v) = u(v3 +Au2v +Bu3),
and also, for d ∈ Z, we set
(2.2) rQ(d;Z) = # {|u|, |v| ≤ Z,Q(u, v) = d} .
We need to investigate the second moment of rQ(d;Z). We thus introduce
(2.3) RQ(Z) =
∑
d∈Z
rQ(d;Z)2.
We now establish a sharp upper bound for the quantity RQ(Z).
Lemma 2. — We have the upper bound
RQ(Z)≪ Z2.
Proof. — We have
RQ(Z) = # {|u|, |v|, |w|, |t| ≤ Z,Q(u, v) = Q(w, t)} ,
and thus
RQ(Z) = 1 +
∑
k≤Z
#
{
|u0|, |v0|, |w0|, |t0| ≤ Z0,
Q(u0, v0) = Q(w0, t0)
gcd(u0, v0, w0, t0) = 1
}
,
where we have set Z0 = Z/k. Let us now introduce the exponential naive height
H : P3(Q) → R>0. For x = (x0 : x1 : x2 : x3) ∈ P3(Q), where x0, x1, x2, x3 ∈ Z are
such that gcd(x0, x1, x2, x3) = 1, we set
H(x) = max{|x0|, |x1|, |x2|, |x3|}.
Let us also denote by V the quartic surface defined by the equation
Q(x0, x1)−Q(x2, x3) = 0.
Using this notation, we have
RQ(Z) = 1 + 2
∑
k≤Z
# {x ∈ V (Q), H(x) ≤ Z0} .
Let U be the Zariski open subset of V defined by removing the lines from V . Since
4A3 + 27B2 6= 0, it is easy to check that V is a smooth surface. Thus, the result of
Heath-Brown [HB02, Theorem 10] gives
# {x ∈ U(Q), H(x) ≤ Z0} ≪ Z
2−2/9+ε
0 ,
for any fixed ε > 0. In addition, the contribution of the rational points on a line of V
is ≪ Z20 . Since the number of lines contained in V is finite, we have
# {x ∈ (V r U)(Q), H(x) ≤ Z0} ≪ Z20 .
We finally obtain
RQ(Z)≪
∑
k≤Z
(
Z
k
)2
,
which completes the proof.
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It is worth noting that the constant involved in the upper bound of Heath-Brown
[HB02, Theorem 10] is independent of Q. In addition, a result of Colliot-Thélène
[HB02, Appendix, Theorem] implies that the number of lines contained in V is
bounded by a constant independent of Q. As a result, the constant involved in the
upper bound in Lemma 2 is also independent of Q.
Recall that ω(Ed) denotes the sign of the functional equation of L(Ed, s). For
ν ∈ {−1, 1}, we introduce
(2.4) SQ,ν(Z) =
∑
d∈Z
ω(Ed)=ν
|µ(d)|rQ(d;Z).
We state a sharp lower bound for the quantity SQ,ν(Z) under a mild assumption
which is not restrictive in practice.
Lemma 3. — Let NE be the conductor of the curve E. Assume that A,B | 12NE.
We have the lower bound
SQ,ν(Z)≫ Z2.
Proof. — We have
SQ,ν(Z) =
∑
|u|,|v|≤Z
ω(EQ(u,v))=ν
|µ(Q(u, v))|.
In [GM91, Proposition 6], Gouvêa and Mazur use their squarefree sieve for binary
quartic forms to prove the existence of an explicit constant c > 0 such that
SQ,ν(Z) ≥ cZ2 +O
(
Z
(logZ)1/2
)
,
which completes the proof.
3. Proofs of Theorems 1 and 2
Recall that NE denotes the conductor of the curve E and let M = 12NE. We can
assume without loss of generality that E is given by a model
y2 = x3 + Ax+B,
for which we have A,B | M . Indeed, this can be seen by making the substitution
(x, y) 7→ (x/M2, y/M3), and then clearing denominators.
We prove that, as d runs over H(Y ), there is a positive proportion of curves Ed for
which rankan Ed(Q) is even and at least 2, and also a positive proportion of curves
Ed for which rankan Ed(Q) is odd. This clearly implies Theorems 1 and 2.
As already mentioned, if d ∈ H(Y ) then rankan Ed(Q) is even and at least 2 if and
only if ω(Ed) = 1. For ν ∈ {−1, 1}, we set
Ων(Y ) =
1
#H(Y )
∑
d∈H(Y )
ω(Ed)=ν
1.
Our goal is thus to prove that
(3.1) lim inf
Y→∞
Ων(Y ) > 0.
First, we use Lemma 1 to obtain
(3.2) Ων(Y )≫
1
Y 4
∑
d∈H(Y )
ω(Ed)=ν
1.
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We note that if (u, v) ∈ Z2 is such that |µ(Q(u, v))| = 1 then the point P with
coordinates (uv : 1 : u2) satisfies P ∈ EQ(u,v)(Q). By [LB14, Lemma 3], we have
(3.3) hˆEQ(u,v)(P ) =
1
2
hx(P ) +O(1),
where the constant involved in the notation O may depend on E but not on (u, v).
The assumption |µ(Q(u, v))| = 1 implies that u and v are coprime and thus
hx(P ) = logmax{|u|, |v|}.
As a result, if max{|u|, |v|} is larger than a constant which depends at most on E,
then the estimate (3.3) implies that hˆEQ(u,v)(P ) 6= 0 and thus P is not a torsion point
of EQ(u,v)(Q). Therefore, we have
log ηQ(u,v)(A,B) ≤ hˆEQ(u,v)(P ),
which gives
ηQ(u,v)(A,B)≪ max{|u|
1/2, |v|1/2},
where the constant involved in the notation ≪ depends at most on E. Therefore,
we have proved that there exists a constant CE > 0 such that if (u, v) ∈ Z2 satisfies
|µ(Q(u, v))| = 1 and |u|, |v| ≤ CEY 2, then ηQ(u,v)(A,B) ≤ Y , apart from a certain
number of exceptions bounded only in terms of E. In other words, if we introduce
the set
Q(Y ) =
{
d ∈ Z, |µ(d)| = 1, rQ(d;CEY 2) ≥ 1
}
,
where rQ(d;CEY 2) is defined in (2.2), we have
# (Q(Y )rH(Y ))≪ 1,
where the constant involved in the notation ≪ depends at most on E.
Recalling the lower bound (3.2), we get
(3.4) Ων(Y )≫
1
Y 4
∑
d∈Q(Y )
ω(Ed)=ν
1 +O
(
1
Y 4
)
.
Recall the respective definitions (2.3) and (2.4) of RQ(Z) and SQ,ν(Z). We use the
Cauchy-Schwarz inequality to obtain
(3.5)
∑
d∈Q(Y )
ω(Ed)=ν
1 ≥
SQ,ν(CEY 2)2
RQ(CEY 2)
.
Putting together the lower bounds (3.4) and (3.5), we get
Ων(Y )≫
SQ,ν(CEY 2)2
Y 4RQ(CEY 2)
+O
(
1
Y 4
)
.
Lemma 2 states that RQ(CEY 2) ≪ Y 4. In addition, since we have assumed that
A,B | 12NE, we can use Lemma 3 to obtain SQ,ν(CEY 2) ≫ Y 4. Therefore, we
deduce the existence of a constant cE > 0, depending at most on E, such that
Ων(Y ) ≥ cE ,
which completes the proof of the lower bound (3.1), and thus also the proofs of
Theorems 1 and 2.
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